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Abstract-- The existence of a defect like a crack will leads to 

change in natural frequency of the plate and enlargement of 

the crack will also lead another change in natural frequency 

with the change of the size or position of the crack. So this 

study focuses on finding the natural frequency for isotropic 

composite plates with crack considering the size of the crack 

(crack length and depth through plate thickness) an crack 

position in the plate in x, y directions, also slant of the crack. 

The natural frequency is studied for composite material 

strengthen by powder, and short fibers with the effect of crack 

size and position, plate thickness, aspect ratio, the type of  plate 

fixing where three type of fixing used (SSSS, SSCC, SSFF). 

Two methods are used to find the natural frequency of 

composite plate: First method is supposed analytical solution to 

solve the equation of motion considering the effect of size, and 

position crack on the natural frequency of the composite plate. 

Second method is finite element solution using ANSYS (ver. 14) 

program. A comparison made between the two methods and 

the error percentage is not exceeds of 3.5%. 

The results shows that the natural frequency decreases as 

crack size (length or width) increases. The natural frequency 

decreases when the crack in the middle of the plate over any 

position of the crack. The effect of crack when it reaches the 

middle is higher than when itôs in the other places. The natural 

frequency is decreases as plate width increases, (aspect ratio 

and plate thickness). 

 

Index Term--  Plate Vibration, Crack Study, Composite Plate 

with Crack Effect, Crack Plate Vibration . 

 

I. INTRODUCTION 

Damage detection of one-dimensional structures by 

vibration analysis, is a new technique in non-destructive 

evaluation methods. The conventional nondestructive testing 

methods unlike the vibration analysis methods are expensive 

and time-consuming. Several researchers have worked on 

the influence of cracks on the natural frequencies and mode 

shapes of structures, S. E. Khadem and M. Rezaee (2000-

b). 

Machines and structural components potentially require 

continuous monitoring for the detection of cracks and crack 

growth for ensuring an uninterrupted service in critical 

installations. Cracks can be present in structures due to 

various reasons such as impact, fatigue, corrosion and 

external and environmental factors like temperature, relative 

humidity, rainfall and the general properties of structures. 

Complex structures such as aircraft, ships, steel bridges, sea 

platforms etc., all use metal plates, A. Israr (2008). 
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In 1972 J. R. Rice and N. Levy, presented an elastic 

analysis for the tensile stretching and bending of a plate 

containing a surface crack penetrating part-through the 

thickness. The treatment is approximate, in that the two-

dimensional generalized plane stress and Kirchhoff-Poisson 

plate bending theories are employed with the part-through 

cracked section represented as a continuous line spring.  

And in 2000 S. E. Khadem and M. Rezaee-a, 

introduced a new functions named 'modified comparison 

functions'' and used for vibration analysis of a simply 

supported rectangular cracked plate. It is assumed that the 

crack having an arbitrary length, depth and location is 

parallel to one side of the plate. Elastic behavior of the plate 

at crack location is considered as a line spring with a 

varying stiffness along the crack.  

Also in same year S. E. Khadem and M. Rezaee-b, 

established an analytical approach to the crack detection of 

rectangular plates under uniform external loades by 

vibration analysis. The damage is considered as an all-over 

part-through crack parallel to one edge of the plate. 

Avoiding non-linearity, it is assumed that the crack, at all 

dynamical conditions, is open.  

And in 2008 Asif Israr (2008), concerned with 

analytical modelling of the effects of cracks in structural 

plates and panels within aerospace systems such as 

aeroplane fuselage, wing, and tail-plane structures, and, as 

such, is part of a larger body of research into damage 

detection methodologies in such systems. This study is 

based on generating a so-called reduced order analytical 

model of the behaviour of the plate panel, within which a 

crack with some arbitrary characteristics is present, and 

which is subjected to a force that causes it to vibrate.  

In this study, a suggested analytical solution to 

driving the equation of motion for a given set of boundary 

conditions governing the vibrations of composite plate with 

crack effect. In addition to study the effect of all crack 

parameters and plate geometry on the natural frequency for 

different types of composite plate.  

 
II.   THEORETICAL STUDY  

To model a crack with a finite length in a cracked 

rectangular plate, a rectangular plate may be considered as 

shown in Fig. 1; the crack is 2C in length and runs parallel 

with one side of the plate.  
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Fig. 1. Rectangular Plate with a Part-through Finite-Length Crack. 

The coordinates of the crack center are represented 

by ὼ and ώ. Using non-dimensional parameters as, S. E. 

Khadem and M. Rezaee (2000-a), 

ςὧ    ὧὶὥὧὯ ὶὩὰὥὸὭὺὩ ὰὩὲὫὸὬ                               

x     ὧὶὥὧὯ ὶὩὰὥὸὭὺὩ ὨὩὴὸὬ ὥὸ Ὥὸί ὧὩὲὸὩὶ  

z
 ὧὶὥὧὯ ὧὩὲὸὩὶὧέέὶὨὭὲὥὸὩί           (1) 

Where, ὥ, ὦ and Ὄ represent dimensions of the plate in ὼ, ώ 
and ᾀ directions, respectively, and Ὤ represents the crack 

depth at its center. 

When the plate is only subjected to the bending 

moments, the Formula or nominal bending stress at the 

location of the crack with a finite length becomes, S. E. 

Khadem and M. Rezaee (2000-a), 

„                               (2) 

Where, ʎ is the nominal bending stress at the crack 

location and on the surface of the plate, at the crack 

direction, „  is the nominal bending stress at the location 

of the crack with an infinite length and on the surface of the 

plate, at the crack direction, ‌  is the non-dimensional 

bending compliance coefficient at the crack center, and, ’ is 

the Poisson ratio.                   

If the shape of the crack is considered as a semi-

ellipse, in Cartesian coordinate system, then the function 

representing the shape of the crack will be, S. E. Khadem 

and M. Rezaee (2000-a), 

Ὤὼ

ừ
Ử
Ừ

Ử
ứ π                      ȟὪέὶ π ὼ ὼ ὅ

Ὤ ρ ȟὪέὶὼ ὅ ὼ ὼ ὅ

π                      ȟὪέὶ ὼ ὅ ὼ ὥ

                                 

                                                                      (3) 

For vibration analysis of the plate having a crack 

with a finite length, relation Eq. (3) can be expanded as a 

sum of sine and cosine functions in the domain π ὼ ὥ 
by Fourier series. 

However, the application of this method may be 

inefficient due to time consuming and intensive 

computational effects. Therefore, by using the following 

equation, S. E. Khadem and M. Rezaee (2000-a), 

‌ ᷿Ὣ ὨὬ                                          (4) 

Where, Ç is the dimensionless function of the relative crack 

depth, And is defined as, S. E. Khadem and M. Rezaee 

(2000-b), 

Ὣ x ρȢωω ςȢτχ x ρςȢωχ x ςσȢρχ x

ςτȢψπ x                                     (5) 

The method for the choice of ‌  suggest to identify ‌  

with the value of ‌  at ὼ ὼ ὧὩὲὸὩὶ έὪ ὧὶὥὧὯ, J. R. 

Rice and N. Levy (1972). 

A function representing dimensionless bending 

compliance coefficient is directly suggested as a function of 

dimensionless coordinate, z, which is free of the above-

mentioned difficulties, as follows, S. E. Khadem and M. 

Rezaee (2000-a), 

‌ z ‌  Ὡ zz                     (6) 

One may suggest the variation of the nominal 

bending stress on the hypothetical boundary as the following 

new function, S. E. Khadem and M. Rezaee (2000-a), 

„ z „ „ „ Ὢz                  (7) 

Where Ὢz is the 'crack shape function' and is defined as, 

Ὢz Ὡ zz                                (8) 

On the other hand, the slope discontinuity at both 

sides of the crack location due to bending moments is 

proportional to bending compliance of the crack and 

nominal bending stress, and is given by, S. E. Khadem and 

M. Rezaee (2000-a), 

— z „ ‌                            (9) 

The governing equation for the free vibration of a 

rectangular plate is given by, S. E. Khadem and M. Rezaee 

(2000-a),   

Ὀ ɳ ύ ά π                                   (10) 

Where, ύὼȟώȟὸ ,  ɳis the biharmonic operator, ά is the 

mass per unit area of the plate, Ὀ is the plate flexural 

rigidity=
 

.                                   

Using the separation of variables technique to 

solving Eq. (4.25), as, 

ύὼȟώȟὸ ὡ ὼȟώȢὝὸ                         (11) 

Then, 

Ὕ ‫Ὕ π, and, ɳ ὡ ‫ ὡ π    (12)  

Transformation Eq. (12) in terms of dimensionless 

co-ordinates z and – as, z    ȟ–  . Then,       

‰
z

ς‰
z

‗ ὡ π   (13) 

Where, ‗ ‫ ὦ , ‰   

To solving Eq. (4.31) using boundary as simply 

supported along the edges  z π ÁÎÄ ρ, and arbitrary edge 

condition at – π ὥὲὨ ρ, the solution of Eq. (4.31) may be 

expressed in the form, A. C. Ugural (1999), 

ὡ zȟ– В ὣ –ÓÉÎά “ z            (14) 

By substitution Eq. (14) into Eq. (13), get, 

ς ά “ ‰ ά “ ‰ ‗ ὣ π                                                                  

(15) 

To solving Eq. (15) using of linear differential 

operators, H. Anton et. al. (2002), get, for ‗ ά “ ɲ , 

Crack direction 

perpendicular on crack 
–  

 

ύ  

z 

–  

ςὧ  

ρ  

ς  
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ὣ –
ὃ ÃÏÓÈ‍ – ὄ ÓÉÎÈ‍ – ὅ ÃÏÓ‎ –
Ὀ ÓÉÎ‎ –                   (16) 

Where, ‍ ά “ ɲ ‗ ,  

‎ ‗ ά “ ɲ . 

By applying Eq. (4.33) to two regions of the cracked 

plate shown in Fig. 1, one may require eight boundary 

conditions. The boundary conditions are applied to regions 

(1) and (2), respectively, at – π ὥὲὨ ρ, and to a 

hypothetical boundary separating the two regions. Because 

of the form of the plate supports at two edges simply 

support, the boundary conditions at z π ὥὲὨ ρ for two 

regions are satisfied by Eq. (14), S. E. Khadem and M. 

Rezaee (2000-a). Then, Eq. (14) for two regions become, 

ὡ zȟ–
ὃ ÃÏÓÈ‍ – ὄ ÓÉÎÈ‍ –

ὅ ÃÏÓ‎ – Ὀ ÓÉÎ‎ –
ÓÉÎά “ z      

                                            Ὢέὶ – π –    

ὡ zȟ–
ὃ ÃÏÓÈ‍ – ὄ ÓÉÎÈ‍ –

ὅ ÃÏÓ‎ – Ὀ ÓÉÎ‎ –
ÓÉÎά “ z                                            

                                            Ὢέὶ – – ρ  
                                                                    (17) 

The boundary conditions along the crack at – – 

are, S. E. Khadem and M. Rezaee (2000-a),   

ὡ zȟ–ȿ ὡ zȟ–ȿ  ,  ὓ ὓ   

’ ‰
z

’ ‰
z

  

ὠ ὠ   ς ’ ‰
z

ς ’ ‰
z

   

— z π                      (18) 

For using, A. C. Ugural (1999),  

„
 

  
’ ‰

z
                        

Then, — z Ὢz ’ ‰
z

 

Then, fourth boundary condition in Eq. (18), become, 

Ὢz ’ ‰
z

π   

The boundary conditions at – π ὥὲὨ ρ, for regions 

(1) and (2), respectively, A. C. Ugural (1999), are, 

ü Simply Supported Edges, 

At the simply support considered, the deflection and 

bending moment are both zero. Hence, 

ὡ zȟ–ȿ π , ’ ‰
z

π  

ὡ zȟ–ȿ π , ’ ‰
z

π                                                             

                                                                  (19) 

ü Clamped Supported Edges, 

In this case both the deflection and slope must 

vanish. That is,  

ὡ zȟ–ȿ π     , π , 

ὡ zȟ–ȿ π  , π                (20) 

 

ü Free Supported Edges, 

In this case both bending moment and vertical shear 

force zero. Hence, 

’ ‰
z

π  

ς ’ ‰
z

π   

’ ‰
z

π   

 ς ’ ‰
z

π              (21) 

By using boundary conditions in Eqs. (19) to (21) for 

each case and boundary conditions along the crack, in Eq. 

(18), get the general solution of Eq. (17), For ‗
ά “ ɲ , as, 

ü Simply Supported Edges, 

By substitution boundary conditions in Eqs. (19) and 

(18) into Eq. (17), get,  

ὡ zȟ– ὄ
ὪzÓÉÎÈ‍ –

ὪzÓÉÎ‎ –
  

                                                   – π –   

ὡ zȟ–

ὄ
Ὢz ÓÉÎÈ‍ – ÔÁÎÈ‍  ÃÏÓÈ‍ –

Ὢz ÓÉÎ‎ – ÔÁÎ‎ ÃÏÓ‎ –
         

                                                   – – ρ            

                                                                    (22)                         

Where,  

Ὢz ÓÉÎά “ z , Ὢz Ὓ ÓÉÎά “ z  

Ὢz ὛÓÉÎά “ z , Ὢz ὛÓÉÎά “ z  

For, Ὓ

    

    
    

    

  

Ὓ

    

    
    

    

    

Ὓ

    

    
    

    

  

For, 

Ὡ ÓÉÎÈ‍ –  , Ὡ ÓÉÎ‎ – ,  

Ὡ
ÓÉÎÈ‍ –

ÔÁÎÈ‍  ÃÏÓÈ‍ –
  

Ὡ ÓÉÎ‎ – ÔÁÎ‎ ÃÏÓ‎ – , Ὡ
ÓÉÎÈ‍ – ‍ ά “ ’ ‰  ,  

Ὡ ÓÉÎ‎ – ‎ ά “ ’ ‰   

Ὡ
ÓÉÎÈ‍ –

ÔÁÎÈ‍  ÃÏÓÈ‍ –
‍ ά “ ’ ‰   

Ὡ ÓÉÎ‎ – ÔÁÎ‎ ÃÏÓ‎ – ‎
ά “ ’ ‰   

Ὡ ÃÏÓÈ‍ – ‍ ά “ ς ’ ‰ ‍   

Ὡ ÃÏÓ‎ – ‎ ά “ ς ’ ‰ ‎   

Ὡ
ÃÏÓÈ‍ –

ÔÁÎÈ‍  ÓÉÎÈ‍ –
‍ ά “ ς

’ ‰ ‍   

Ὡ ÃÏÓ‎ – ÔÁÎ‎ ÓÉÎ‎ – ‎
ά “ ς ’ ‰ ‎   

Ὡ ‍  ÃÏÓÈ‍ – Ὢz ÓÉÎÈ‍ – ‍
ά “ ’ ‰   

Ὡ ‎ ÃÏÓ‎ – Ὢz ÓÉÎ‎ – ‎
ά “ ’ ‰   

Ὡ ‍ ÃÏÓÈ‍ – ÔÁÎÈ‍  ÓÉÎÈ‍ –   
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Ὡ ‎ ÃÏÓ‎ – ÔÁÎ‎ ÓÉÎ‎ –   

 

 

And the value of ʇ can be evaluated from the characteristics 

equations, as, 
Ὡ Ὡ
Ὡ Ὡ

Ὡ Ὡ
Ὡ Ὡ

Ὡ Ὡ
Ὡ Ὡ

Ὡ Ὡ
Ὡ Ὡ

π                         (23) 

ü Clamped Supported Edges, 
By substitution boundary conditions in Eqs. (20) 

and (18) into Eq. (17), get,  

ὡ zȟ– ὄ
Ὢz ÓÉÎÈ‍ – ÓÉÎ‎ –

Ὢz ÃÏÓ‎ – ÃÏÓÈ‍ –
  

                                                   – π –  

ὡ zȟ–

ὄ

ụ
Ụ
Ụ
ợὪz

ÓÉÎÈ‍ – ὨÃÏÓÈ‍ –

ὨÓÉÎ‎ –

Ὢz
ÃÏÓ‎ – ὨÃÏÓÈ‍ –

ὨÓÉÎ‎ – Ứ
ủ
ủ
Ủ

   

                                                   – – ρ  
                                                                    (24)                     

Where,  

Ὢz ÓÉÎά “ z , Ὢz Ὓ ÓÉÎά “ z  

Ὢz ὛÓÉÎά “ z, Ὢz ὛÓÉÎά “ z  

And, Ὠ
 

 ,  

Ὠ
 

  

Ὠ
 

 ,  

Ὠ
 

  

For, Ὓ

    

    

    

    

   

Ὓ

    

    

    

    

   

Ὓ

    

    

    

    

   

For,Ὡ ÓÉÎÈ‍ – ÓÉÎ‎ – , Ὡ

ÃÏÓ‎ – ÃÏÓÈ‍ –   

Ὡ ÓÉÎÈ‍ – ὨÃÏÓÈ‍ – ὨÓÉÎ‎ –   

Ὡ ÃÏÓ‎ – ὨÃÏÓÈ‍ – ὨÓÉÎ‎ –   

Ὡ
ÓÉÎÈ‍ – ‍ ά “ ’ ‰

ÓÉÎ‎ – ‍ ‎ ά “ ’ ‰
  

Ὡ
ÃÏÓÈ‍ – ‍ ά “ ’ ‰

ÃÏÓ‎ – ‎ ά “ ’ ‰
  

Ὡ

ÓÉÎÈ‍ –

ὨÃÏÓÈ‍ –
‍ ά “ ’ ‰

ὨÓÉÎ‎ – ‎ ά “ ’ ‰

  

Ὡ

ÃÏÓ‎ –

ὨÓÉÎ‎ –
‎ ά “ ’ ‰

ὨÃÏÓÈ‍ – ‍ ά “ ’ ‰

  

Ὡ
ÃÏÓÈ‍ – ‍ ς ’‰ ά “ ‍

ÃÏÓ‎ – ‎ ς ’‰ ά “ ‎
  

Ὡ
ÓÉÎ‎ – ‎ ς ’‰ ά “ ‎

ÓÉÎÈ‍ – ‍ ς ’‰ ά “ ‍
  

Ὡ
ÃÏÓÈ‍ –

ὨÓÉÎÈ‍ –
‍ ς ’‰ ά “ ‍

ὨÃÏÓ‎ – ‎ ς ’‰ ά “ ‎

  

Ὡ

ÓÉÎ‎ –

ὨÃÏÓ‎ –
‎ ς ’‰ ά “ ‎

ὨÓÉÎÈ‍ – ‍ ς ’‰ ά “ ‍

  

Ὡ

‍ ÃÏÓÈ‍ – ‍ ÃÏÓ‎ –

Ὢz
ÓÉÎÈ‍ – ‍ ά “ ’ ‰

ÓÉÎ‎ – ‍ ‎ ά “ ’ ‰

  

Ὡ

‎ ÓÉÎ‎ – ‍ ÓÉÎÈ‍ –

Ὢz
ÃÏÓÈ‍ – ‍ ά “ ’ ‰

ÃÏÓ‎ – ‎ ά “ ’ ‰

  

Ὡ ‍ ÃÏÓÈ‍ – ‍ ὨÓÉÎÈ‍ –
‎ ὨÃÏÓ‎ –   

Ὡ ‍ ὨÓÉÎÈ‍ – ‎ ὨÃÏÓ‎ –
‎ ÓÉÎ‎ –   

And the value of ʇ can be evaluated from the characteristics 

equations, as, 

Ὡ Ὡ

Ὡ Ὡ

Ὡ Ὡ

Ὡ Ὡ

Ὡ Ὡ

Ὡ Ὡ

Ὡ Ὡ

Ὡ Ὡ

π                         (25) 

ü Free Supported Edges 
By substitution boundary conditions in Eqs. (21) 

and (18) into Eq. (17), get,  

ὡ zȟ–

ὄ

ụ
Ụ
Ụ
Ụ
Ụ
ợὪz

ÓÉÎÈ‍ –
  

  
ÓÉÎ‎ –

Ὢz
ÃÏÓ‎ –
  

  
ÃÏÓÈ‍ –

Ứ
ủ
ủ
ủ
ủ
Ủ

  

                                                   – π –     

ὡ zȟ–

ὄ

ụ
Ụ
Ụ
Ụ
ợὪz

ÓÉÎÈ‍ –

Ὠ ÃÏÓÈ‍ – ὨÓÉÎ‎ –

Ὢz
ÃÏÓ‎ –

Ὠ ÃÏÓÈ‍ – Ὠ ÓÉÎ‎ – Ứ
ủ
ủ
ủ
Ủ

  

                                                   – – ρ  
                                                                    (26) 

Ὢz ÓÉÎά “ z , Ὢz Ὓ ÓÉÎά “ z  

Ὢz ὛÓÉÎά “ z ,Ὢz ὛÓÉÎά “ z  

And, Ὠ
  

  
, Ὠ

  

  
, Ὠ

Ὠ , Ὠ Ὠ   

For, Ὠ ÃÏÓÈ‍ ‍ ά “ ’ ‰  , 

Ὠ ÓÉÎÈ‍ ‍ ά “ ’ ‰   

Ὠ ÃÏÓ‎ ‎ ά “ ’ ‰  , 

Ὠ ÓÉÎ‎ ‎ ά “ ’ ‰   
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Ὠ ÓÉÎÈ‍ ‍ ά “ ς ’ ‰‍ , Ὠ
ÃÏÓÈ‍ ‍ ά “ ς ’ ‰‍   

Ὠ ÓÉÎ‎ ‎ ά “ ς ’ ‰‎ , Ὠ
ÃÏÓ‎ ‎ ά “ ς ’ ‰‎   

For, Ὓ

    

    

    

    

   

Ὓ

    

    

    

    

   

Ὓ

    

    

    

    

  

For, Ὡ
ÓÉÎÈ‍ –
  

  
ÓÉÎ‎ –

  

Ὡ ÃÏÓ‎ –
  

  
ÃÏÓÈ‍ –   

Ὡ
ÓÉÎÈ‍ –

Ὠ  ÃÏÓÈ‍ – Ὠ ÓÉÎ‎ –
  

Ὡ
ÃÏÓ‎ –

Ὠ  ÃÏÓÈ‍ – Ὠ  ÓÉÎ‎ –
  

Ὡ
ÓÉÎÈ‍ – ‍ ά “ ’ ‰
  

  
ÓÉÎ‎ – ‎ ά “ ’ ‰

  

Ὡ
ÃÏÓ‎ – ‎ ά “ ’ ‰

‎ ά “ ’ ‰ ÃÏÓÈ‍ –
  

Ὡ

ÓÉÎÈ‍ – ‍ ά “ ’ ‰

Ὠ ÃÏÓÈ‍ – ‍ ά “ ’ ‰

ὨÓÉÎ‎ – ‎ ά “ ’ ‰

  

Ὡ

ÃÏÓ‎ – ‎ ά “ ’ ‰

Ὠ ÃÏÓÈ‍ – ‍ ά “ ’ ‰

Ὠ ÓÉÎ‎ – ‎ ά “ ’ ‰

  

Ὡ
ÃÏÓÈ‍ – ‍ ά “ ς ’ ‰‍

‍ ά “ ς ’ ‰‍ ÃÏÓ‎ –
  

Ὡ
ÓÉÎ‎ – ‎ ά “ ς ’ ‰‎

  

  
ÓÉÎÈ‍ –

‍

ά “ ς ’ ‰‍

  

Ὡ

ÃÏÓÈ‍ – ‍ ά “ ς ’ ‰‍

Ὠ ÓÉÎÈ‍ – ‍ ά “ ς ’ ‰‍

ὨÃÏÓ‎ – ‎ ά “ ς ’ ‰‎

  

Ὡ

ÓÉÎ‎ – ‎ ά “ ς ’ ‰‎

Ὠ ÓÉÎÈ‍ – ‍ ά “ ς ’ ‰‍

Ὠ ÃÏÓ‎ – ‎ ά “ ς ’ ‰‎

  

Ὡ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ

‍ ÃÏÓÈ‍ –
  

  
‎ ÃÏÓ‎ –

Ὢz

ÓÉÎÈ‍ – ‍ ά “ ’ ‰
  

  
ᶻ

ÓÉÎ‎ – ‎ ά “ ’ ‰ Ứ
ủ
ủ
ủ
ủ
ủ
Ủ

  

Ὡ

ụ
Ụ
Ụ
Ụ
ợ

‎ ÓÉÎ‎ –
  

  
‍ ÓÉÎÈ‍ –

Ὢz
ÃÏÓ‎ – ‎ ά “ ’ ‰

‎ ά “ ’ ‰ ÃÏÓÈ‍ – Ứ
ủ
ủ
ủ
Ủ

  

Ὡ

‍ ÃÏÓÈ‍ –

Ὠ ‍ ÓÉÎÈ‍ –

Ὠ ‎ ÃÏÓ‎ –

  

Ὡ

‎ ÓÉÎ‎ –

Ὠ  ‍ ÓÉÎÈ‍ –

Ὠ  ‎ ÃÏÓ‎ –

   

And the value of ʇ can be evaluated from the characteristics 

equations, as, 

Ὡ Ὡ

Ὡ Ὡ

Ὡ Ὡ

Ὡ Ὡ

Ὡ Ὡ

Ὡ Ὡ

Ὡ Ὡ

Ὡ Ὡ

π                         (27)                                                                           

For vibration analysis of the plate having a crack 

with a finite length, relation Eqs. (22), (24), and (26) can be 

expanded as a double Fourier series in the domain ρ
– ρ ὥὲὨ ρ z ρ. 

The differential equation of equilibrium for bending 

of thin plates, J. S. Rao (1999), 

ς
 

” Ὄ
ȟȟ

      (28) 

Where, for rectangular plate without crack, A. C. Ugural 

(1999), 
ὓ
ὓ

ὓ
᷿

„
„
†
 ᾀ Ὠᾀ

ϳ

ϳ
                          (29)                                                                              

And, for rectangular plate with crack in  z- direction, 

Fig. 1, 

ὓ
ὓ

ὓ

ở

Ở
Ở
Ở
Ở
ờ

᷿

„
„
†
 ᾀ Ὠᾀ

ϳ

ϳ

  

᷿

π
„ „ Ὢz

π

 ᾀ Ὠᾀ
ϳ

ϳ

 Ợ

ỡ
ỡ
ỡ
ỡ
Ỡ

 (30) 

For, „
 

’ ,  

„
 

’ , 

†
 
 
 

                                     (31) 

And,  

„ „ „ „ Ὢz „ Ὢ z      (32)   

For, Ὢ z ρ ὅ Ὡ zz    
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ὅ    

Then, by substitution Eqs. (31) and (32) into Eq. 

(30), gives, 

ὓ Ὀ ’ , ὓ Ὀ Ὢ z ’ ,  

ὓ Ὀρ ’
 

                              (33) 

Then ,by substitution Eq. (33) into Eq. (28), gives, 

‰
z

‰ ς ’ ’Ὢ z
z 

Ὢ z

  
π                         (34) 

Then, by substitution ὡ zȟ–  into Eq. (34), then 

by using orthogonal method, A. Jeffrey (2002), by pre 

multiplying the result by ὡ zȟ–  and integral with z ȟ– 

for π z ρȟπ ʂ ρ, get the natural frequency of 

rectangular plate with crack effect at any location and size 

of crack in  z direction, as, 

ύὸ ‫ π                                 (35)                                                                                                   

where, ‫  is the natural frequency of plate with crack effect 

defined as, 

‫

᷿᷿

ở

Ở
Ở
Ở
ờ z

zȟ

z
z 

zȟ

z zȟ
Ợ

ỡ
ỡ
ỡ
Ỡ

z 

  
᷿᷿ zȟ zȟ z 

                       

                                                                    (36) 
Computer Program 

Fig. 2 shows the flow chart for computer program for 

dynamic analysis of isotropic composite plate with strength 

different crack size and location effect. The results are 

natural frequency of isotropic composite plate supported as 

simply supported along edges parallel to crack and other 

ends as simply , clamped, and free supported of plate, for 

strength crack, and simply supported plate for oblique crack 

study. In addition to study the effect of crack size (length 

and depth) and crack location on the natural frequency of 

isotropic composite plate. 

 

The program requirement the following input data, 

1. Crack information, crack length, crack depth, and 

position of crack.  

2. Plate properties, modulus of elasticity, Poisson ratio and 

density of plate 

3. Dimensions of plates, length of plate, width of plate, 

and thickness of plate. 

And the output of natural frequency get from 

program are with different parameters as, 

ü Natural frequency with different crack variable, as, 

1. Natural frequency with different location of crack in z-

direction. 

2. Natural frequency with different location of crack in h-

direction. 

3. Natural frequency with different crack length. 

4. Natural frequency with different crack depth. 

ü Natural frequency with different plate variable, as, 

1. Natural frequency with different aspect ratio of plate. 

2. Natural frequency with different thickness of plate. 

3. Natural frequency with different boundary conditions of 

plate, as, 

a. Simply supported along all edges, SSSS. 

b. Simply supported along edges (z=0, 1) and clamped 

supported along edges (h=0, 1), SSCC. 

c. Simply supported along edges (z=0, 1) and free 

supported along edges (h=0, 1), SSFF. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 2. Flow Chart of Natural Frequency Computer Program of Composite 

Plate. 

Start 

Select the boundary conditions of 

composite plate, as, 

ü Input (1), simply supported. 

ü Input (2), clamped supported, SSCC. 

ü Input (3), free supported, SSFF. 

Input the mechanical properties and 

dimensions of composite plate, length 

and depth of crack. 

I 

Evaluation of  ʇ, as, 

ü Eq. (23) for simply supported plate 

ü Eq. (25) for clamped supported plate 

ü Eq. (27) for free supported plate 

Evaluation of ὡ ȟ–ȟὥὲὨ ὡ ȟ–, as, 

ü Eq. (22) for simply supported plate. 

ü Eq. (24) for Clamped supported plate. 

ü Eq. (26) for free supported plate.  

End 

Evaluate of Fourier series constant 

ὃ ȟὃ ȟὃ ȟὃ ȟὄ ȟὅ ȟὈ . 

Evaluate the natural frequency of 

composite plate, Eq. (36) for strength 

crack effect. 

Write the values of natural frequency of 

composite plate with different crack size, 

and location effect. 

I 
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III.  RESULTS AND DISCUSSION 

The results are the evaluation of the natural 

frequency of composite plate types, short and powder 

composite plate made of polyester resin and glass fiber with 

("f=30%, Gglass=30 Gpa, GPolyester=1.4 Gpa, nglass=0.25, 

nPolyester=0.4, Eglass=95 Gpa, EPolyester=3.8 Gpa, rglass=2600 

kg/m
3
, rPolyester=1350 kg/m

3
),with crack effect of plate, 

included the effect of composite materials types, crack size, 

crack location, and other parameters of composite plate 

types. Where the properties of composite plate types and 

parameters studied are shows in the Tables 1 and 2. And, 

the method studied to evaluated the natural frequency of 

composite plate types with crack effect are, theoretical study 

and numerical study, by using ANSYS Program Version 14. 

  
TABLE I 

PROPERTIES OF COMPOSITE MATERIALS TYPES OF COMPOSITE PLATE, 
M. J. JWEEG ET AL. (2012). 

Properties 

Reinforcement Fiber Types 

(Glass-Polyester) 

Short Fiber Powder 

E (Gpa) 15.86 7.1 

G (Gpa) 5.62 2.67 

Density (kg/m
3
) 1288 1600 

Poissonôs Ratio 0.411 0.375 

 
TABLE II  

DIMENSIONS AND INFORMATION OF CRACK AND PLATE STUDIED IN 

THEORETICAL AND NUMERICAL STUDY OF V IBRATION COMPOSITE 

PLATE. 

Position of Crack through the 

z-direction (%a) 
0.1 to 0.9 

Position of Crack through the 

h-direction (%b) 
0.1 to 0.9 

Crack Depth ho (%H) 10%, 30%, 50%, 70% 

Crack Length (cm) (%a) 5%, 10%, 15%, 20% 

Plate Length, a (cm) 24 

Plate Width (cm) 24, 36, 48 

Aspect ratio (b/a) 1, 1.5, 2 

Plate Thickness (mm) 3.5, 5.5, 9 

Boundary Conditions SSSS, SSCC, SSFF 

 

Fig. 3 shown the natural frequency of short composite plate 

type with aspect ratio (AR=1, 1.5, and 2) for (SSSS, SSCC, 

and SSFF supported) for composite plate, with different 

crack position in z-direction, for h πȢυ, ( υȢυ ÍÍ, 

ς# ςτ ÍÍ, x πȢχ, and ᶅ σπϷ. The figure showed 

that the good agreement between the theoretically and 

numerical results, where the percentage of discrepancy 

between the theoretically and numerically results are about 

ρ ÔÏ ςϷ. 

Fig. 4 shown the natural frequency of short composite plate 

with aspect ratio (AR=1, 1.5, and 2) for (SSSS, SSCC, and 

SSFF supported) for composite plate, with different crack 

position in h-direction, for z πȢυ, ( υȢυ ÍÍ, ς#
ςτ ÍÍ, x πȢχ, and ᶅ σπϷ. The figures showed that 

the good agreement between the theoretically and numerical 

results, where the percentage of discrepancy between the 

theoretically and numerically results are about ρ ÔÏ σȢυϷ. 

Figs. 5 and 6 illustrated the effect of the cark position in z 

and h-directions on the natural frequency for aspect ratio (1, 

1.5, and 2) with (SSSS, SSCC, and SSFF supported) of 

different composite plate types (powder and short), 

respectively, for ( υȢυ ÍÍ, ς# ςτ ÍÍ, x πȢχ, and 

ᶪ σπϷ. The Figures showed that the natural frequency of 

composite plate for each types decrease with crack near to 

the middle location of plate because the move of crack near 

the middle location of plate cases the decrease of stiffness of 

plate, then decreasing of the natural frequency of composite 

plate. 

Figs. 7 and 8 illustrated the effect of the cark size as depth 

and length of crack on the natural frequency for aspect ratio 

(1, 1.5, and 2) with (SSSS, SSCC, and SSFF supported) of 

different composite plate types (powder and short 

reinforcement fiber), respectively, for ( υȢυ ÍÍ, 

z πȢυȟh πȢυ, and ᶅ σπϷ. The Figures showed that 

the natural frequency of composite plate for each types of 

plate decrease with increasing of the crack size as depth or 

length because the increasing of crack cases the decrease of 

stiffness for plate, then decreasing of the natural frequency 

of composite plate. 

Fig. 9 illustrated the effect of the plate size as thickness and 

plate width (aspect ratio) on the natural frequency with 

(SSSS, SSCC, and SSFF supported) of different composite 

plate types (powder and short reinforcement fiber) with 

crack effect, for ς# ςτ ÍÍ, x πȢχ, z πȢυȟh πȢυ, 

and ᶪ σπϷ. The Figures showed that the natural 

frequency of composite plate for each types of plate 

increasing with increasing of the plate thickness and 

decreasing with increasing of aspect ratio of plate because 

the increasing of plate cases of increase the stiffness of plate 

and increasing of width of plate cases decreasing of stiffness 

plate and increasing of plate mass, the decrease the 

frequency due to increase aspect ratio and increasing with 

increase of plate. 
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Fig. 3. Compare Between Theoretical and Numerical Work of Natural Frequency for Short Composite Plate with Different Crack Position Effect in z-

Direction with Different Aspect Ratio and Boundary Condition Plate for, h=0.5, 2C=24 mm, x=0.7. 
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Fig. 4. Compare Between Theoretical and Numerical Work of Natural Frequency for Short Composite Plate with Different Crack Position Effect in h-

Direction with Different Aspect Ratio and Boundary Condition Plate for, z=0.5, 2C=24 mm, x=0.7. 
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Fig. 5. Natural Frequency (rad/sec) of Powder Composite Materials Plate Types with Different Position in z and h Directions Effect, with Various Aspect 

Ratio and Boundary Conditions of Plate for, H=5.5 mm, 2C=24 mm, x=0.7, 0o Crack Angle, and "f=30%. 
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Fig. 6. Natural Frequency (rad/sec) of Short Composite Materials Plate Types with Different Position in z and h Directions Effect, with Various Aspect 

Ratio and Boundary Conditions of Plate for, H=5.5 mm, 2C=24 mm, x=0.7, 0o Crack Angle, and "f=30%. 
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