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Abstract-- In this paper we discuss dynamical properties of a
modified Leslie-Gower predator-prey system with quadratic
predator harvesting. We show that all solutions of the system are
uniformly bounded. The permanence, stability (of equilibrium
points) and bifurcations of the system are investigated. The
system has at most two equilibria in the interior of the first
quadrant and can exhibit Bogdanov–Takens, Hopf, transcritical
and saddle-node bifurcations. Depending on the values of
parameters, the system may have a stable periodic solution, or a
homoclinic loop, or a saddle point, or a stable focus. Biologically,
both populations prey and their predators may survive for
certain parameter values.
Index Term— Modified Leslie-Gower, predator-prey, quadratic

permanence, stability and bifurcations of the model were
discussed.
In this paper, we study model (1) with quadratic predator
harvesting. Taking into account the predator harvesting and
applying a linear scaling on
and all parameters in
system (1), we obtain the following system of differential
equations:
̇

(
̇

)
(

)

harvesting, bifurcations, equilibria.

I. INTRODUCTION
Let
and
denote densities of prey and predators at
time
respectively. Consider the modified Leslie-Gower
predator-prey model [6]
̇
̇

(
(

)
)

where
and
are positive. The
coefficients and
represent the intrinsic growth rate and
environmental carrying capacity for the prey in the absence of
predation, respectively. The natural growth rate of the predator
is given by , while
is the maximum value of the per
capita reduction rate of predators. The maximum value of the
per capita reduction rate of prey species is denoted by ,
while
and
measure the extent to which the
environment provides protection to prey and predator,
respectively.
System (1) has been investigated by several researchers. In
particular, the boundedness of solutions and global stability of
the positive equilibrium points of the system has been studied
by Aziz-Alaoui and Daher Okiye [6]. Sufficient conditions for
the existence and global attractivity of positive periodic
solutions of the model were discussed by Zhu and Wang [20].
Gupta and Chandra [10] studied bifurcations of model (1),
taking into account Michaelis-Menten type prey harvesting.
They analyzed the effect of prey harvesting and growth rate of
predator on the model as these terms are important from the
ecological point of view. It was shown that the model displays
a complex dynamics in the prey-predator plane. The

with initial conditions

The coefficients
and
depend on parameters in
system (1). Here
represents the rate of harvesting of the
predator. In [7, 9, 15, 16, 17] the term
is considered as
competition amongst predators. There the authors investigated
dynamics of predator-prey models with different types of
response functions. For more details on the linear scaling, see
[10].
The investigation concerns the dynamics of system (2) in
the closed first quadrant
We shall show that system (2)
possesses at most two equilibria in the interior of the first
quadrant, and three trivial equilibria coexist on axes for all
parameter values. Furthermore, we show that the system can
exhibit many types of bifurcation phenomena, including
saddle-node, transcritical, hopf and the codimension two
Bogdanov-Takens bifurcations.
This paper is organized as follows. In Section 2, we
investigate the existence and stability of equilibria. Dynamical
behavior in the small neighborhood of the equilibria is also
discussed. We show that all solutions of system (2) are trapped
in a finite domain in the first quadrant. Several phase portraits
of system (2) without periodic orbit are depicted. Section 3
discusses bifurcations occurring in the system, depending on
all parameter values. We show that the system possesses
saddle-nodes, subcritical Hopf, transcritical and BogdanovTakens bifurcations. The paper is ended with a brief
discussion on the current and future researches.
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II. BOUNDEDNESS AND PERMANENCE
As mentioned in the previous section, we are interested only
in the dynamics of system (2) in the closed first quadrant
.
It is easy to see that the positive -axis and the positive -axis
are both invariant under the flow. This implies that all orbits
that start in
will not leave
In other words; the closed
first quadrant
is positively invariant under the flow
generated by system (2).
A. Boundedness of Solutions
Now we prove that all solutions of system (2) with initial
conditions (3) are trapped in a finite region subset
. We use
the following two lemmas (see [10, 21]) to prove the
boundedness and permanence of system (2).
Lemma 2.1 If

and
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{

}

B. Permanence
In what follows, we prove permanence of system (2) under a
certain condition. First, we recall the definition of
permanence, see [22].
Definition 2.1 System (2) with initial conditions (3) is
permanent if there are positive constants
and
(
) such that each positive solution (
) of
the system satisfies:

with

,

-

{

}

then
(

)

Theorem 2.2 System (2) with initial conditions (3) is
permanent if

Observe that Lemma 2.1 is quantitatively equivalent to the
following lemma [10].
Lemma 2.2 If

and

with

Proof. Observe that for sufficiently large value of

then for all

Thus, from the prey equation of (2), we have
,

In particular,

- for all

Theorem 2.1 All solutions of system (2) with initial
conditions (3) are uniformly bounded.
Proof. Since
̇

are both positive, from (2) we can write
(

)

̇

)

where

From the predator equation of (2), we can write
̇

From Lemma 2.2, we have

(

(

)

(

(

) )

Lemma 2.1 implies that

{

}

From the predator equation of system (2) we have
Form (4) and (5), together with Lemma 2.1, we obtain
̇

(

)
[

Lemma 2.2 implies that

(

) ]
Putting
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{

}

{
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}

implies the permanence of system (2)

(
Eigenvalues of

III. EXISTENCE AND STABILITY OF SOLUTIONS

and –

Hence the result

follows.

The general Jacobian matrix of system (2) is given by
(

are

)

B. Positive Equilibria

)

where

Two possible interior equilibrium points of system (2) are
and
, where for
*

+
√
(

[

])

The following simple lemma gives the number of equilibria
of system (2) in the interior of the first quadrant. The proof is
straightforward and is being omitted.

A. Trivial Equilibria
System (2) possesses three trivial equilibrium points that
appear for any choice of positive values of parameters:
1) the origin O(0,0);
2) the predator extinction point

;
(

3) the prey extinction point

).

Lemma 3.1
i.
System (2) has no equilibrium in the interior of the
first quadrant if
ii.
System (2) has two equilibria in the interior of the
first quadrant, which are
and
if for

Theorem 3.1 For system (2),
a) the origin is always unstable;
b) the equilibrium is always a saddle point;
c) the equilibrium
is stable if
and a
saddle point if
Proof.
a)

The Jacobian matrix of the system at the origin is
given by
(
Eigenvalues of
are
Thus, the origin is unstable.

b) At

)
and

.

the Jacobian matrix is
(

)

Eigenvalues of are
and
. We conclude
that
is a saddle-point for any choice of positive
values of parameters.
c)

At

the Jacobian matrix is given by

Fig. 1. Phase portraits of system (2) without periodic orbits: (a) no equilibrium
in the interior of the first quadrant. All orbits are attracted to equilibrium ;
(b) one stable focus point appears in the interior of the first quadrant; (c) two
equilibria coexist in the interior of the first quadrant: one stable focus and one
saddle point.
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Figure 1 provides several phase portraits of system (2). The
trajectories are depicted using a MATLAB package called
Matcont [13]. The cases where system (2) has zero, one and
two equilibrium points in the interior of the first quadrant
occur. In Figure 1(a), the system has no equilibrium in the
interior of
All trajectories tend to the prey extinction
equilibrium
This means that independent on the initial
numbers of the interacting populations, only predators survive.
Figure 1(b) gives a phase portrait with one equilibrium point
in the interior of the first quadrant. The point
is a stable
focus. All trajectories go to this focus point when
. This
means that both prey and predator populations survive for all
positive initial values. The equilibrium
is a saddle point
with -axis as its stable manifold. In Figure 1(c), we see two
equilibria
and
coexist. The system has two stable
equilibria
and . This means that depending on the initial
conditions, either only the predators survive or both
populations survive.
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These two equilibria disappear when parameter values
pass from one side of the surface to the other
side. This implies that system (2) possesses a saddle-node
bifurcation of codimension one with
as the saddle-node
bifurcation surface.
B. Transcritical Bifurcations
System (3) undergoes a transcritical bifurcation involving the
two equilibrium solutions
and . When
,
the equilibrium
is a stable focus or node, while
is a
saddle point. When
, equilibria
and
coincide and become
(
). When
, both equilibria exchange their stabilities as
becomes a
saddle and leaves the first quadrant while
becomes a
stable focus or node. Figure 2 illustrates the transcritical
bifurcation in the
-plane. A scenario in which an
equilibrium point enters or leaves the first quadrant via the
prey extinction equilibrium

In the following theorem, we give conditions in which the
equilibrium
is a global attractor; see Figure 1(a) as an
illustration of this phenomenon.
Theorem 3.2 If
and
point is a global attractor in

, then the equilibrium

Proof. Observe that there is no equilibrium in the interior of
the first quadrant when
From Theorem 3.1; we know
that the origin is a source, and
is a saddle point. Moreover,
the prey extinction equilibrium
is a sink when
. Hence, the conclusion of the theorem holds.

IV. BIFURCATIONS OF SYSTEM (2)
In this section, we investigate several bifurcations that occur
in system (2), including saddle-node, transcritical, Hopf and
Bogdanov-Takens bifurcations.
Fig. 2. A scenario of codimension one transcritical bifurcation: (a) a stable
focus exists in the interior of the first quadrant; (b) equilibria
and
collide; (c) equilibrium leaves the first quadrant and become a saddle point.

A. Saddle-Node Bifurcations
From the expressions of equilibria
and
there is a region in the parameter space
{

we know that

}

such that for all points on the region
, equilibria and
collide and system (2) has a unique saddle-node equilibrium
point
where

Theorem 4.1 If

then

a)

equilibrium points

b)

system (2) has one equilibrium point in the interior of the
first quadrant when
and

Proof. Let
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(

)
(

)

Again from (7), we have

.

/

It is clear that
is in the interior of the first quadrant if two
inequalities in b) hold.

C. Hopf Bifurcations
In Figure 1 we see that equilibrium
is a focus point. At
eigenvalues of the Jacobian matrix
are complex
conjugates. Thus, it is possible that by changing parameter
values, these eigenvalues are purely imaginary. In this case,
the equilibrium point is a center-type non-hyperbolic
equilibrium. Numerically, we find some parameter values at
which the point has purely imaginary eigenvalues. Thus,
system (2) may undergo Hopf bifurcation. The trace of the
Jacobian matrix of system (2) at
is given by
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The set
is a Hopf bifurcation manifold of system (2). The
stability of the periodic orbit created by the Hopf bifurcation is
determined by the first Lyapunov value , see [4]. By
calculating using Mathematica, we obtain that is negative
at some points of
(we do not write the expression of in
this paper, since it is too long). This means that system (2)
undergoes subcritical Hopf bifurcations. As an implication, we
have obtained a proof of the following proposition. Figure 3
illustrates a scenario of the subcritical Hopf bifurcation in
system (2).
Proposition 4.1
a) If the parameter
is in
then the
equilibrium
is a stable weak focus.
b) There exist some parameter values such that system
(2) has at least one stable periodic orbit.
D. Bogdanov-Takens Bifurcations
The linear condition for Bogdanov-Takens bifurcation is that
the Jacobian matrix (6) has double-zero eigenvalues with
nontrivial nilpotent part. At a Bogdanov-Takens bifurcation
point, a Hopf curve and a saddle-node curve are tangent to
each other. There is also a homoclinic bifurcation occurring at
another tangent curve, compare [17].
On the set

(
[

(

)
)]

The case when

corresponds to the Andronov-Hopf bifurcation at which the
equilibrium
point
changes
its
stability
with
appearance/disappearance of a periodic orbit. Let
{

}

Fig. 3. A scenario of codimension one subcritical Hopf bifurcation of system
(2): (a) a stable focus exists in the interior of the first quadrant; (b) a stable
periodic orbit appears when parameter values cross the region . The stable
focus becomes unstable.

{

|

}

the Jacobian matrix has double-zero eigenvalues with
nontrivial nilpotent part. Thus, the system undergoes
Bogdanov-Takens bifurcations on . As a consequence, we
have the following.
Proposition 4.2 There exist values of the parameters such that
system (2) has a unique unstable limit cycle for some
parameter values, and system (2) has an unstable homoclinic
loop for other parameter values.

V.
DISCUSSION
In this paper, we have extended previous research on the
modified Leslie-Gower predator-prey system by imposing
quadratic harvesting components in the predator equation. We
have shown that system (2) can have one stable equilibrium
point in the interior of the first quadrant. This means that
coexistence of both populations is possible under the quadratic
predator harvesting policy. We also show that all solutions are
trapped in a finite domain in the interior of the first quadrant
and that the system exhibits interesting dynamics around the
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coexistence equilibria, including multiple
periodic orbits and homoclinic orbits.

bifurcations,

Biologically, there is still a lot of work to do in this direction.
For example, it would be an idea to study the behavior of
model (2) when harvesting is applied to both prey and
predator equations, since people usually would like to harvest
both populations. We may also consider other different
avenues for future research in predator-prey modeling,
including an analysis of modified Leslie-Gower predator-prey
models with seasonal harvesting in one or both populations. In
the latter case, the system may undergo chaotic behavior
where we have strange attractors. The analysis performed and
techniques used in this paper can be applied to problems other
than predator-prey, especially two-dimensional ordinary
differential equations.
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