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Abstract— Sorting is one of most studied problems due to the
importance of rearranging data to provide efficient retrieval of
required information. The most widely used mechanism for the
study of the performance of algorithms is the Rand Access
Machine (RAM) model. The model is simple and provides a good
tool for the analysis of algorithms. However, computers a have a
number of levels of memory hierarchy that necessitates
incorporating the idea of hierarchical memory. In this paper, we
use the Hierarchical memory with block transfer model which is a
RAM but access to a block of locations ending at location x takes
for constant
for the last element in the block plus
one unit of cost per adjacent items. We provide an asymptotically
optimal space and time sorting technique for this problem.
Index Term— Memory Hierarchy, merge sort, time complexity

I. INTRODUCTION
Merge sort is a simple yet efficient sorting technique that can
be implemented recursively or bottom up. In the recursive
implementation, we sort the first half of the data and the
second half of the data separately and then they sorted
sequences are merged.
On the other hand, in bottom up
implementation of merge sort every two odd, even index
elements in the sequence form a list and the lists of two
elements each are sorted. After the first pass we end up with
lists of 4 elements each. Again these lists are sorted and so on
until we end up with a single sorted list.
Such an activity is quite efficient if the data can fit in its
entirety in main memory. However, with today’s heavy use
of data, most lists are much larger than can be placed in their
entirety in main memory all at once. Rather, data are brought
into main memory in blocks that can fit in main memory and
are rearranged. Such a task necessarily requires repeated
transfer of data from secondary memory to primary memory.
Data transfer from higher levels to lower levels of memory is
time consuming and is of no direct benefit to the sorting
algorithm performance.
Indeed, to account for this time
consumption we can charge a cost on data that need to be
transferred to lower memory levels. However, this charge
should also take into account the fact that once the first data
item is accessed on slower memory, bringing other “adjacent”
data is relatively cheaper and can be used to offset the high
cost of bringing the first data item to faster memory.
Therefore, we can base our charge on the access of access to a
block of data to be brought to faster memory the cost of
accessing the block and the length of the block. Indeed this
what [2] used as to model a RAM with memory hierarchy.
Our task will be to find efficient implementation of sorting on
such a machine. [2] provided an O(nlgn llgn) algorithm that

sort n data items in O(n) space, as well as another techniques
which sorts n data items in O(nlgn) time, but uses O(nllgn)
space. Thus they provided a sorting technique that performs
asymptotically optimal in space but not in time, while the
second is optimal in time but not space. In this paper we will
provide an asymptotically optimal time and space algorithm
for this problem.
II. DISCUSSION
A. Model of Computation.
The RAM model is the most widely used model for measuring
computational complexity of algorithms. It is a simple model
where the program and data are stored in “registers”, and each
“elementary” operation executes in a constant time. The running
time of an algorithm on an instance of the input is the number of
operations executed in terms of the size of the instance. Similarly
the space used is the amount of extra space in terms of the size of
the input. However, since the assumption is that all data is stored
in registers makes it unrealistic for large data sets which for the
most of data don’t reside in registers or primary memory. Indeed,
in modern computers most of the data resides on secondary
memory and is brought in blocks of suitable size to offset the cost
of accessing the secondary memory. To our knowledge, the first
to highlight the importance of incorporating the access cost to
higher memory was that of [3] which studied the effect of having 2
levels of memory on sorting and relating, [1] which studied the
effect of having multiples of levels of memory, and [2] which
studied the effect of having multiple levels of memory that can be
accessed at an increasing cost but with block transfer allowed. The
model of [2] is defined below.
DEFINITION [2]. The Hierarchical Memory Machine
(HMM) is a Random Access Machine (RAM) operating under
the following conditions:
I. The access cost to any location, i, costs f(i), where f is a
non-decreasing function.
II. The cost of moving a block of length l in locations
[ x-l, x] to locations [y-l, y] costs f(x)+f(y)+l.
The problem of sorting was in the center of the works
of [2], however, they report two solutions; one that provides an
optimal time performance but non optimal space usage, and the
other uses space optimally but renders a non optimal time
performance. In this paper, we shall adopt the model given by
[2] and show that their techniques for solving the sorting problem on
such a model can be used to provide an optimal solution in both time
and space for the sorting problem under the access cost of ( )
B. Merge Sort Algorithm
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Top down solution.
The merge sort technique in its simplest form works on
dividing the input into two halves that are sorted recursively
and the two halves are then merged to form a final sorted list.
The merging of the two halves is basically performed by:
 Choose the smaller of the first item in the two lists
 Remove it from its pile, thereby exposing another

element to be the smallest of that list.
 Place the chosen element onto the output array.
 Repeatedly perform basic steps until one of the lists
is empty, in which case we just take the remaining
input items in the non empty list and place onto the
output array.
Indeed, the pseudo code for the merge operation can be
written as:

MERGE (A, p, q, r )
l1 ← q − p + 1; //Length of the left list
l2 ← r – q; //Length of the right list
//Copy the data to arrays L[1 . . l1 + 1] and R[1 . . l2 + 1]
FOR i ← 1 TO l1
L[i] ← A[p + i − 1]
FOR j ← 1 TO l2
R[j] ← A[q + j ]
L[l1 + 1] ← ∞;
R[l2 + 1] ← ∞;
i ← 1;
j ← 1;
FOR k ← p TO r
IF L[i ] ≤ R[ j]
THEN A[k] ← L[i]
i←i+1
ELSE A[k] ← R[j]
j←j+1
Each of these basic steps in the merging process can be
performed in a constant time, resulting in at least one of the
halves becoming one item less and the final array is one item
more. Since there are a total of n elements to be merged, it
follows that the merging process would be performed in at
most O(n) time.
It follows therefore, that the total time cost of sorting n
elements can be obtained from the following recurrence:
( )
( )
T(1) = 1
Which can be solved as follows:
( )

( )

(

)

( )

(
….

)

( )
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….
….
( )

( )

And summing all of these equations we get:
( )
Which implies that ( )
usage is ( )
( ).

(

).

Moreover, the space

Bottom Up Merge Sort
The top down technique is recursive and the recursion stack
can have a depth of size O(lgn). To avoid recursion, we can
perform merge sort bottom up. The steps are as follows:





The bottom-up mergesort algorithm first merges pairs
of adjacent arrays of 1 elements
Then merges pairs of adjacent arrays of 2 elements
And next merges pairs of adjacent arrays of 4 elements
And so on.... Until the whole array is merged

The pseudo code is as follows:
sort(a[n]){
for ( int w = 1; w < n; w = 2*w ) {
// Combine pairs of array a of width "w"
for ( int i = 0; i < n; i = i + 2*w ) {
left = i;
middle = i + w;
right = i + 2*w;
merge( a, left, middle, right );
}
}
}
On each iteration of the inner for loop, the merge function, and
as mentioned earlier, would require time of the order of the
size of the lists to be merged. Since the merge operation is
performed on different items on each iteration of the inner
loop, it follows that cost of merge on each element in the array
involved in the merge operation is O(1). It follows, therefore,
that the overall cost of the inner for loop on each iteration of
the outer for loop is at most O(n) time.
On each iteration of the outer loop the size of the variable w is
doubled. The outer loop terminates when w is no longer less
than the number of elements in the array. The number of
iterations is, thus, at most, k where
. It follows,
therefore, that the outer loop is performed at most (
)
times, from which it follows that the overall cost of the
mergesort algorithm is (
)time.
Sorting data under non-uniform access cost was studied by [2]
for a variety of access costs. They gave optimal time and
space solutions when the access cost is logn, n/logn, and n.
However, for the case when the access cost to location n is
, they gave two algorithms.
One the
algorithms is asymptotically optimal in time but requires
(
) space, which we shall refer to as SORT1
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algorithm. The other one runs in (
)time but
uses ( ) space, and we shall refer to it as SORT2 algorithm.
More formally:
Theorem 1. [2]. Given n elements in the memory of HMM
machine with block transfer running under access cost of
( )
for constant
:
1. Reading can be performed in (
) time.
2. Merging two lists of size O(n) each can be performed
in (
) time.
3. Sorting
of
can
be
performed
in
(
)time and ( ) space.
4. Sorting can be performed in (
) time and
(
)space.

III. THE OPTIMAL TIME AND SPACE ALGORITHM
A. Algorithm
In the following we will show that with simple modifications it
would have been possible for [2] to provide a solution that is
optimal in both space and time, by using the SORT1 algorithm
coupled by bottom up merge sort. The pseudo code is as
follows, assuming that the input array is initially placed in
locations 1 to n in the memory hierarchy.
Sort3(a, n){
Step
1
2
3

4

5

6

statement
Move the array a from locations 1..n to
locations 5n+1..6n;
w = n/loglogn;
for (i = 5n+1; i < n; i = i + w ) {
a) Move elements a[i.. i-1+w]) of
the array to locations
1..w;
b) Apply SORT1 to sort these
elements;
c) Move the sorted elements back
to locations i.. i-1+w;
}
for (i = w; i < n; i = 2*i ) {
// Combine pairs of array a
// initially of width "w"
for (k = 5n+1;k<n; k = k+2*i ) {
a) left = k; // mark the beginning
of the first list
b) middle = k + i;
//
mark the end of the first list
c) right = k + 2*i;
// mark the
end of the second list
d) merge( a, left, middle, right );
}
Move data from locations 5n+1..6n to
locations 1..n.
}

B. Analysis
The algorithm first moves all that data to start from location
5n+1. Such a move costs at most O(n) time, since the cost is
dominated by the size of data moved. The purpose of the
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move is to allow enough extra space for any sorting or
merging of sub lists.
Step 3 brings sub-lists of size n/loglogn each to faster memory
for sorting using SORT1 algorithm. The time to perform the
sort is)
((

)

(

))

(

).

The sorted list is

then placed back to its original space, which again can be
performed in n/loglogn time. Thus each iteration of step 3
can be performed in at most
(

)

(

)

time, and at

most ( )space.
Step 3 would be iterated upon until all the data is exhausted.
Thus, the loop will iterate for
times. It
follows,

therefore,

most (

that
)

step3 would require at
(
) time, and ( ) space.

The rest of the steps perform merge sort on the sorted sub-lists
of step 3, by taking each adjacent sub-lists and merging them
to obtain a new sorted list of twice the size of the original lists.
The actual merging of sub lists is performed in step 5. The
merging of sub lists according to Theorem 1.b costs
(
) per item involved in the merge. Thus, the overall
cost of step 5 during each iteration of the for loop of step 4 is
at most (
) time, and of course ( ) space.
The for loop of step 4 will iterate on variable i starting from a
value of
and doubles before the
start of a new iteration until it reaches the value
.
The number of iterations is at most
iterations.
It follows, therefore, that the bottom up merge sort process in
steps 4 and 5, can be performed in at most
(
) time and ( ) space.
Finally, Step 6 is just a move operation to place the sorted data
sequence back to its original locations at the start of the sort
algorithm. This operation can be performed in O(n) time and
space.
Thus we have:
Theorem 2. n data items on HMM with block transfer
running under access cost of ( )
for constant
can be sorted in (
)time and ( )space.
IV. CONCLUSION
In this paper we showed that when we apply memory
hierarchy constraints on the Random Access Machine model
through the HMM with block transfer model similar to that of
[2], //
we merge
can stillthe
get optimal
time and space sorting algorithm,
two lists
matching those on the RAM model. This is a good indicator that
the sorting problem possesses a good degree of spatial and
temporal locality to offset the cost of data transfer between
various levels of the memory hierarchy, even for access cost as
high as
for constant
to access memory x when
block transfer is allowed.
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